We design composite two-qubit gates, based on the Ising-type interaction. The gates are robust against systematic errors in the qubits' interaction strength and the gate's implementation time. We give composite sequences, which cancel the error up to 6th order, and give a method to achieve even higher accuracy. Our sequences can compensate either relative or absolute errors. For relative error compensation the number of the ingredient gates grows linearly with the desired accuracy, while for absolute compensation only two gates are required to achieve infinitely accurate gates. We also consider an ion-trap implementation of our composite gates, where our sequences achieve simultaneous cancellation of the error in both the pulse area and the detuning.
I. INTRODUCTION
Two-qubit gates form the basis of quantum computing: any quantum computation can be constructed entirely by these gates, combined with the one-qubit Hadamard and phase gates [1] . A prominent example is the controlled-phase (CPHASE) gate and its close relative the controlled-not (CNOT) gate, which have been implemented on various physical platforms, such as ion traps [2] , nuclear magnetic resonance [3] and photonic qubits [4] .
Quantum computing, however, depends critically on the accuracy with which these gates are implemented and faulttolerant computation is possible only if gate infidelity is below 10 −4 [5] . Different sources of error can be identified in an experiment ranging from decoherence to imperfections in the control fields, most notably pulse length errors, field inhomogeneity, improper gate duration, etc. Because pulse length errors lead to incorrect rotation angle of the state vector on the Bloch sphere, they are referred to as rotation errors.
Various techniques to deal with rotation errors have been proposed and implemented. Composite pulses, for example, have found broad application, where systematic errors in the control field play a major role [6, 7] . A composite pulse is a sequence of pulses, each with a well-defined phase, which is designed such that the errors from the constituting pulses largely cancel each other. The broadband composite pulse BB1 devised by Wimperis [7] cancels the error up to second order on arbitrary state (without assumption of the initial state of the system) and is generally considered to be the most useful for its simplicity and efficiency. More accurate pulses have been derived by Brown et al. [8] but they have found limited application as they quickly become extremely long. Recently, Low et al. [9] found optimal sequences yielding the same accuracy as Browns' with much fewer primitive pulses.
Jones [10] extended BB1 by Wimperis to get a second-order broadband two-qubit gate robust to rotation error. Gates of higher precision can be obtained likewise by extending Low's sequences [9] . Although these sequences are optimal for arbitrary rotation angles, we found that for particular angles it is possible to obtain sequences of even shorter duration and length (number of constituting gates).
In the first part of this work we derive improved highlyaccurate composite two-qubit gates of shorter duration and length than proposed so far. We present sequences, which cancel the error up to 6th order using up to 10 gates, and describe how to obtain even higher accuracy. By contrast to previous sequences, designed to suppress relative error only, our sequences can handle errors of both relative and absolute nature.
In the second part we describe an implementation of our composite gates with linear laser-driven ion traps. Remarkably, our gates can compensate simultaneous errors in the Rabi frequency and in the detuning.
II. COMPENSATION OF RELATIVE ERROR
An ideal two-qubit Ising-type gate has the form
where σ x is Pauli's matrix and θ is a desired rotation angle [11] . It occurs when two qubits are coupled with strength J for time T , so that θ = JT . Relative rotation errors are likely to occur when J or T are weighted by an unknown factor, 1 + ε, so that θ is higher or lower than a desired value. Therefore, rather than U(θ ), in reality one obtains U(θ (1 + ε)). The sensitivity of the gate to ε can be much reduced by replacing single rotations with composed rotations represented by the following propagator
which is written with time running from right to left, so that the rightmost gate is the first applied. This sequence contains N + 1 two-qubit gates U and N + 2 phase gates Φ, applied to a preselected qubit; once chosen, the same qubit is used over the entire sequence. We have
Note that by using the property (A1) one can incorporate the phases in the U-gates, yielding
or
, in a more compact form. We have defined a phased two-qubit gate
where σ φ = σ x cos φ + σ y sin φ . This form may be more convenient in a practical setting, where the operator U φ (θ ) is realized at no additional cost by a simple shift of the phase of the driving field. The following relations hold (n = 1, 2, . . . , N),
In what follows we will use this form of the gate sequence.
For simplicity of notation we will use Φ φ and (θ ) φ to denote the phase gate Φ(φ ) and the rotation gate U φ (θ ), respectively. Three families of composite pulses are generally considered: broadband, passband and narrowband, where the first two will play important role in the present work.
A. Broadband sequences
While every gate from the sequence (4) is first-order sensitive to ε (all angles θ k are systematically wrong by some constant fraction ε), the phases φ k can be chosen such that the composite gate sequence is robust to ε up to a certain order. To obtain composite sequences robust to order n, we nullify the n lowest-order derivatives by solving the following system
for the phases φ k with l = 0, 1, . . . , n. Such sequences exhibit robust profile vs ε around 0 and are called broadband. We denote them as BB (N) (θ ) below. Longer sequences provide more parameters (θ k and φ k ), thereby allowing to stabilize BB (N) (θ ) to higher orders of ε.
Numerical calculations indicate that θ 0 = θ , and also that φ 0 = 0 for n ≤ 3 and φ 0 = π for 3 < n < 7. Thus we are left with 2N − 2 parameters θ k and φ k to solve for. It can be shown that for k > 1 the angles θ k can take values π(n + 1/2), where n = 0, 1, 2, . . .. In what follows, we will restrict ourselves to θ k = π 2 or π, in order to minimize the total time duration of the composite sequence (4) 
x to qubit one, where m counts the π 2 -pulses in the product. Because the zeroth-order approximation of BB (N) (θ ) must reproduce U (θ ), we must have ∏ N k=1 U φ k (θ k ) = 1 for ε = 0. This implies that m is even, so that besides the target propagator U (θ ), the sequence (4) must contain an even number of π 2 -gates. Hence, the gate sequence acquires the form
having a total angle of Nπ/2 + θ . It can be shown that for 3 < n < 7 m can be reduced by 1 thus taking odd values.
With the above assumptions the left-hand side of Eq. (7) can be handled relatively easy by applying the identities (A3), (B1) and (B2), shown in the Appendix A and B. For l = 0 we obtain
Higher-order terms are not simple enough to be presented. Let us consider a sequence with N = 2. Following the above argument, we set θ 1 = θ 2 = π 2 . Zero and first order errors are cancelled by imposing the following set of equations:
We obtain φ 1 = arccos(−θ /π), φ 2 = 3φ 1 and φ 3 = −2φ 1 , and the sequence is
We consider this sequence to be of significant interest from experimental viewpoint for its reasonable robustness and small duration and length. The composite gate with N = 4 corrects for ε up to the second order. The following sequence is obtained
with φ = arccos(−θ /2π). The length is reduced to four gates as two adjacent phases are found to be equal. This sequence coincides with BB1 derived by Wimperis [7] and later used by Jones [10] to construct a robust two-qubit gate. Sequences of higher accuracies are calculated numerically (see Appendix C). We picked a net angle of θ = π/4, which is traditionally used in quantum information to construct the controlled-NOT gate [1] . Third, fourth, fifth and sixth orders in ε are eliminated with N=6, 7, 9 and 11, respectively (cf. Eq. (8)), with corresponding total angles of A = 3.25π, 3.75π, 4.75π and 5.75π. The phases of the composite gates are given in Table I , where in places adjacent gates have identical phases. Therefore, as for BB (4) (θ ), we can combine these gates and reduce the overall length of the sequences. Our gates with N = 7 and N = 11 perform similar to the broadband gates BB4 and BB8, recently found by Low et al [9] .
The corresponding fidelities F vs the error ε are shown in Figure 1 , where the standard definition of F is used,
with A = U(θ ) and B = U (N) (θ ). Note that as usual a propagator infidelity of order 2n corresponds to an error term in the underlying propagator of order n.
The benchmark fidelity for a single gate is shown in black line. A comparison with the benchmark of 1-10 −4 (horizontal dashed line) reveals that a single gate can be fault-tolerant only if the error |ε| does not exceed 1.8%. The N = 2 composite gate exhibits a clear improvement over the uncorrected Table I : Broadband composite sequences BB (N) (θ ) of N + 1 gates, which cancel the error ε up to order n (cf. Eqs. (7)). The phases for N > 4 are given in units of π. The fidelities are shown in Fig. 1 .
single gate; now the tolerance range is |ε| < 11%. As expected, the longer composite gates are fault tolerant over a wider error range: for N=4 we must have |ε| < 22%; for N=6, |ε| < 30%; for N=8, |ε| < 37%; for N=10, |ε| < 40%; for N=12, |ε| < 46%. Note that our BB (7) with area 3.75π performs slightly better than Low's B4 with area 4.25π and BB (11) with area 5.75π performs slightly better than Low's B6 with area 6.25π. To our knowledge, apart from BB4 by Wimperis [7] , all broadband gates are original.
The total angle, which determines the duration of the entire sequence, is nπ + θ (with 2n + 1 gates) for n ≤ 3 and (n − 1 2 )π + θ (with 2n gates) for 3 < n < 7, to correct the propagator to order n (θ = π/4 for N > 4). For example, BB (6) ( π 4 ), which is third-order insensitive, has a total angle of 3π + θ . Note for comparison that the same performance is achieved by the pulse B4, derived by Brown et al. [8] and used by Jones [10] , which requires 29 single gates and a total angle of 40π + θ .
B. Passband sequences
Our broadband sequences are useful for the implementation of highly accurate gates on an isolated qubit pair. In an actual experiment, however, it is possible that neighbouring qubits are involved in the interaction too, against our will, e.g. as a result of residual laser light addressing these qubits. To suppress this effect while maintaining the robustness of the BB sequences, one can use passband sequences.
Passband (PB) sequences are derived by imposing Eqs. (14a) for ε = 0, defining BB sequences, and an additional set of equations for ε = −1, which ensure that small coupling strengths, as "felt" by neighbouring qubits, yield negligible rotation. The equations are
where l 1 = 0, 1, . . . , n 1 and l 2 = 0, 1, . . . , n 2 . They are robust to ε up to order n 1 around ε = 0, and up to order n 2 around ε = −1, and are denoted as PB
Here α indicates the total angle, which is πα + θ . As such, PB sequences realize robust rotations upon our pair of qubits, as achieved using broadband sequences, while suppressing rotations upon the remaining qubits [12] .
Eqs. (14) can be handled relatively easy by applying the identities (A3), (B1) and (B2), shown in the Appendix. For Eqs. (14a) we proceed as for the BB sequences. For l 2 = 0 Eqs. (14b) are automatically fulfilled and for l 2 = 1 and l 2 = 2 they are reduced to Table II : Passband sequences PB (α) (θ ) of total area πα + θ , which cancel the error ε up to order n 1 around ε = 0 and up to order n 2 around ε = −1 (cf. Eqs. (14)). The phases for α > 3 are given in units of π. The fidelities are shown in Fig. 2 respectively, which are treated numerically as done with l 2 > 2.
We have calculated PB sequences correcting to different orders n 1 and n 2 , shown in Table. II. The corresponding fidelities for θ = π/4 are shown in Fig. 2 . For illustrative purposes the fidelity is plotted for PB (α) (π/2), which is obtained as a product of two PB (α) (π/4)-sequences. Here is a list of the sequences we use:
Some of our sequences can be found in Ref. [9] : PB
is identical to AP1, PB (4) (2,2) (θ ) is identical to PD2 and BB1 by Wimperis [7] . Note that PB (5.5) (3, 3) (π/4) with area 5.25π performs almost as good as AP3 with area 6.25π and PD4 with area 8.25π.
III. COMPENSATION OF ABSOLUTE ERROR
Our sequences can be designed to suppress absolute errors, as well, which occur as a constant offset ε A in the rotation angles, U (θ ) → U (θ + ε A ). Like relative errors ε, these errors must enter systematically in the sequences.
Using Eq. (A1) we have found that absolute errors can be eliminated completely from U (θ ) with the sequence
which comprises two phase gates and two conditional gates with a total rotation angle of 2π. Hence, absolute error-free composite gates can be obtained if equipped with ideal phase gates. Potential errors in the phase gates can be removed following the composite technique by Torosov and Vitanov [13] .
Finally, we construct composite gates robust to errors of either nature. This is done by substituting U φ (θ ) with U A,φ (θ ) in our sequences. For example, a gate robust to ε to third order and to ε A to any order is obtained with
Below we discuss a physical realization of the composite two-qubit rotation gate with laser-driven linear ion traps. While we consider ion traps, we note that our sequences are applicable to other systems, as well.
IV. IMPLEMENTATION WITH TRAPPED IONS
In trapped ions a popular two-qubit gate is the Sørensen-Mølmer (SM) gate [18] . It has been used by numerous ion trapping groups as a kit gate for quantum information processing. The SM gate was demonstrated by Leibfried et al. [19] and later by Kirchmair et al. [20] with fidelities around 97 %. A record gate fidelity of 99.3 % has been achieved by Benhelm et al. [21] . Various dynamical decoupling techniques were experimentally demonstrated to protect the twoqubit gate from the environment [22] . Coherent error suppression using a pulse shaping technique was experimentally demonstrated by Hayes et al. [23] , where the effects of certain frequency and timing errors were suppressed.
In this section we will show how one can achieve a composite two-qubit gate, which is robust to pulse area errors and certain frequency errors.
A. Hamiltonian and propagator
Consider two ions irradiated along the transverse x direction with a bichromatic laser field with frequencies ω r = ω 0 − ω cm − ∆ and ω b = ω 0 + ω cm + ∆, tuned close to the red (ω r ) and the blue (ω b ) sideband of the common vibrational mode. Here ω 0 is the frequency of the internal atomic transition of each ion, ω cm is the frequency of the vibrational mode, and ∆ is a suitably chosen detuning. The laser frequencies ω r and ω b sum up to twice the qubit transition frequency, while neither of the lasers is resonant to any level. Thereby only transitions where the atomic states are changed collectively take place. The interaction Hamiltonian is
where g is the (time-independent) Rabi frequency of the spinphonon coupling and σ (φ
being the spin raising (lowering) operator for ion k. The spin and the motional laser phases are defined by φ
, where φ b k and φ r k are, respectively, the laser phases of the blue-and red-detuned laser beams as seen by ion k.
The propagator U is obtained using the Magnus expansion [14] :
where T denotes the duration of interaction.
which unintendedly changes the vibrational state of the ion system. Now we discuss how to restore the vibrational state (eliminate D(α) from the propagator U), while preserving the conditional dynamics, described by the σ -σ term in U. Note that if we only shift φ − k with π in Eq. (21), we get a displacement of opposite magnitude, D(α) → D(−α). This phase shift can be achieved either by a direct manipulation of the laser phase or by sandwiching U with π pulses on both ions. Therefore, in order to restore the vibrational state, we apply a second bichromatic pulse of equal Rabi frequency and duration T with a phase φ − k shifted with π. Then the propagator becomes
Note that hereby we restore the vibrational state without even knowing the exact size of the detuning ∆.
In the rest of the section we consider the implementation of both realizations (2) and (4). The first allows us to use global addressing, a key advantage in the Sørensen-Mølmer gate [18] , at the expense of additional phase gates, while the second requires individual addressing and just a single phase gate.
B. Implementation with global addressing
Global addressing implies equal laser phases for both ions, i.e. φ ± k = φ ± . Without loss of generality, we can assume that φ + = 0, which implies that σ (φ
which yields the gate e iθ σ x 1 σ x 2 (cf. (1)) with θ given by
An important implication follows from here: potential errors in the Rabi frequency g (including unequal couplings), the detuning ∆ and the pulse duration T combine into a single error in the rotation angle, θ → θ (1 + ε), which we already know how to suppress by using our composite BB sequences, listed in Table I .
When there are more than two ions in the trap, residual laser light is likely to couple neighbour ions, as well; neighbour ion k will be coupled with Rabi frequency g k . As a result a rotation will occur with small angle θ k = 4gg k ∆ 2 (∆T − sin ∆T ), where we expect that θ k ≪ θ . This effect can be well suppressed by using our PB sequences, listed in Table II .
C. Implementation with individual addressing
Now the spin phase φ + 2 of ion two is modulated (relative to ion one), where the goal is to absorb the phase gates in the rotations (cf. sequences (2) and (4)). Again, we set φ − k = φ − and without loss of generality, we can assume that φ + 1 = 0. The propagator (22) becomes
which yields the gate e iθ σ x 1 σ (φ + 2 ) (cf. (5)) that we need for the sequence (4) with θ given by (24).
V. CONCLUSION
We have derived highly-accurate broadband two-qubit gates, which correct rotation angle errors of relative and absolute nature. For relative errors, the number of ingredient gates and the duration of our sequences grow linearly with the leading error order, as opposed to previous proposals, where exponential growth is observed. Absolute errors can be eliminated completely with a sequence of two gates of total angle 2π. Implementation with trapped ions using bichromatic laser fields is discussed, where our sequences compensate errors both in the pulse area and the detuning.
